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Abstract. It is a popular idea that a multi-partite quantum system represented
by a density matrix having no product eigenbasis possesses non-classical
correlation. Supporting this idea, we define an entropic measure of non-classical
correlation on the basis of the minimum uncertainty about a joint-system after
we collect reports of particular local measurements. Numerical computation of
this measure for several examples is performed.
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1. Introduction
There have been a long-term discussion on the definition of quantumness in a
quantum state of a multipartite system. One definition is, of course, entanglement
which is regarded equivalent to inseparability according to the separability paradigm
[1, 2, 3] based on the local-operations-and-classical-communications paradigm (LOCC
paradigm) (see, e.g., [4]). The separability paradigm suggests, as is well-known in this
field, a classification of density matrices of a system consisting of subsystems 1, . . . ,m.






k ⊗ · · · ⊗ ρ[m]k (1)
with positive weights wk (
∑
k wk = 1). Inseparable density matrices are those that
cannot be represented in this form. A system represented by a separable density matrix
is regarded classical because an LOCC process can create it from scratch: It can be
prepared remotely when distant persons (Alice, Bob,. . ., Marry) receive instructions
from a common source (Clare).
A bipartite system is often a typical system to investigate. Biseparable density






k ⊗ ρ[B]k (2)
with positive weights wk (
∑
k wk = 1). Bi-inseparable density matrices are those that
cannot be represented in this form. One validity of the paradigm is that, a bipartite
system represented by a biseparable density matrix does not violate Bell’s inequality
[2, 3].
Detection methods of inseparability have opened a large research field, many of
which are based on the Peres-Horodecki test [2, 5] using positive but not completely
positive linear maps.
It is still a challenging issue to find other classes of density matrices that also
possess non-local nature than the class of inseparable density matrices. Bennett et al.
[6] discussed a certain nonlocality about locally immeasurable unentangled quantum
states. Ollivier and Zurek [7] later introduced a measure called quantum discord
defined as a discrepancy of two informations (on the correlation of subsystems) that
should be equivalent to each other in a classical information theory. It was still later
that a measure called quantum deficit was introduced by the group consisting of
the Horodecki family and other authors [8]. They defined a closed LOCC (CLOCC)
protocol which allows only local unitary operations and a complete dephasing channel
that deletes off-diagonal elements of a density matrix. Quantum deficit is a minimum
discrepancy between the sum of von Neumann entropies of subsystems after applying
CLOCC operations (we need to try all possible ones) and that of the total system
before applying them. It is also a persistent question why a pseudo-pure state
ρps = p|ψ〉〈ψ|+ (1− p)1/d (3)
with |ψ〉 an entangled pure state and d the dimension of the Hilbert space, is often
regarded as a classical state for small probability p because of its separability proved
by Braunstein et al. [9].
Let us begin with a question. Suppose that we have a system consisting of two
subsystems (local systems) and cannot eliminate a local and/or global superposition
by local unitary operations. Then, can correlation between those local systems be





Figure 1. A class of density matrices having no product eigenbasis (dashed
region).
regarded as classical correlation? An answer is found in the paper by Horodecki et al.
[8] in which they made use of a class of states having a biproduct eigenbasis.
Definition 1. A complete orthonormal basis (CONB) consisting of eigenvectors,
{|e[A,B]i 〉}i, of a density matrix of a system consisting of subsystems A and B is a
biproduct eigenbasis iff {|e[A,B]i 〉}i = {|e[A]j 〉}j ×{|e[B]k 〉}k where {|e[A]j 〉}j and {|e[B]k 〉}k
are eigenbases of individual subsystems.




cjk|e[A]j 〉〈e[A]j | ⊗ |e[B]k 〉〈e[B]k |
with coefficients 0 ≤ cjk ≤ 1 (
∑
jk cjk = 1). A state represented by this density
matrix is called properly classically correlated state [8]. Otherwise one may consider
a state non-classically correlated. The above definition provides a class of density
matrices having a product eigenbasis and a class of density matrices having no product
eigenbasis, as illustrated in Fig. 1. In relation to the discussion on biproduct eigenbasis,








where the minimum is taken over all density matrices ρ
[A,B]
BP having a biproduct
eigenbasis; F is any proper distance function, such as the relative entropy function.
Q(ρ[A,B]) must be invariant under local unitary operations and must be zero for ρ[A,B]
having a biproduct eigenbasis.
In this report, we introduce a similar but different measure of non-classical
correlation for a general multi-partite system and numerically evaluate it for several
examples.
2. Quantification of non-classical correlation
2.1. One question on the separability paradigm
The LOCC paradigm says that a biseparable density matrix can be prepared remotely
when two distant persons (Alice and Bob) receive instructions from a common source.
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This assumes that a density matrix is a time average of instant density matrices or an
ensemble average whose component density matrices are accessible independently.
Nevertheless, this looks a non-mixing process because Alice and Bob have accesses
to individual instances or components; this is in contrast to usual processes in ensemble
dynamics which are mixing. To make it a mixed state, they should lose their memories
about time ordering of instances when the averaging is time averaging; in case of
ensemble averaging, they should lose their memories about indices of components. In
contrast, Alice and Bob don’t have any memory to lose when subparts of a system
are distributed to them after a joint preparation of a quantum state. Thus, it is
questionable to compare a remotely-prepared state with a jointly-prepared state on
the amount and quality of correlation because the two contexts are different.
2.2. Non-classical correlation of a bipartite system
To quantify non-classical correlation between distant subsystems of a bipartite system,
we consider the situation illustrated in Fig. 2. Let us introduce Alice, Bob, and
Figure 2. A system for which non-classical correlation between Alice’s part and
Bob’s part of a quantum state is discussed. A measure of non-classical correlation
is defined as a minimum uncertainty for Clare about the state after receiving their
reports.
Clare. Alice and Bob have subsystems of a system and they are distant to each
other. They can send reports to Clare. Alice/Bob can choose a complete orthonormal
basis of her/his subsystem (basis {|e[A]j 〉}j for Alice and basis {|e[B]k 〉}k for Bob)
for local measurements. Suppose that Alice and Bob use the observables MA =∑
j j|e[A]j 〉〈e[A]j | and MB =
∑
k k|e[B]k 〉〈e[B]k |, respectively, and report the outcomes j
and k to Clare. The probability that Clare receives j from Alice and k from Bob
is pjk = 〈e[A]j |〈e[B]k |ρ[A,B]|e[A]j 〉|e[B]k 〉. Then, minimum uncertainty (over all possible










As is well-known, the von Neumann entropy is the smallest possible among all the
mixing entropies [11]. D(ρ[A,B]) is a discrepancy between the smallest possible among
all the local-mixing entropies and that among all the global-mixing entropies. One may
use an alternative measure defined by the discrepancy between a Wehrl entropy [12]
minimized over all local bases and the von Neumann entropy. Many other alternatives
can be considered using other entropy functions as long as they are bounded from
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below by the von Neumann entropy. We believe that D(ρ[A,B]) has an advantage
in computing its value numerically in comparison to alternatives owing to its simple
form. This measure is similar to but not included in the measure of quantumness
defined by Groisman et al. [10] in the sense that we search over all local bases while
their measure is defined by taking a minimum over all classical states (hence, over all
possible combinations of eigenvalues and local bases).
It is obvious that, for a density matrix with a biproduct eigenbasis, D(ρ[A,B]) = 0.
Otherwise, there is a possibility of D(ρ[A,B]) > 0. Thus, a biseparable density matrix
having no product eigenbasis (as well as a bi-inseparable density matrix) possibly has
non-local correlation that may be quantified by D(ρ[A,B]). A typical example is a
density matrix shown in (3) for 0 < p ≤ 1. For this density matrix, D(ρ[A,B]) > 0
holds.
A class of density matrices having no product eigenbasis is characterized by
non-vanishing superposition (namely, off-diagonal elements) under local unitary
transformation. The above phenomenon is thus elucidated in terms of this quantum
nature. In the above discussion, we assumed that the quantum theory is correct and
the hidden variable theory does not participate in nature. Then, there is nothing
that denies non-classical correlation between two remote systems when there is a non-
vanishing local (or, maybe global) superposition under all choices of a local CONB.
2.3. Quantification of non-classical correlation for multi-partite systems
It is rather straight-forward to extend the definition (4) of D for general multi-partite
systems. Let us consider a density matrix ρ[1,...,m] of an m-partite system. Consider












pjkl... = 〈e[1]j |〈e[2]k | · · · 〈e[m]x |ρ[1,...,m]|e[1]j 〉|e[2]k 〉 · · · |e[m]x 〉.
3. Numerical method to calculate D(ρ[A,B])
A pure random search of local bases is a practical method to calculate D(ρ[A,B]),
defined in (4) for a small size of a bipartite density matrix ρ[A,B]. We employ an ad
hoc random search algorithm introduced below.
Algorithm:
Continue to run the following trial:
Trial:
I. Generate a local CONB {|e[A]j 〉}j×{|e[B]k 〉}k randomly by using the subroutine (writ-
ten below) for both sides, A and B.
II. Calculate the value of −∑jk pjk log2 pjk.
A local CONB that minimizes −∑jk pjk log2 pjk is chosen after many trials. The
number of trials is typically 104 or 105 owing to a limitation of computational resource.
With the chosen local CONB, D(ρ[A,B]) is calculated.
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Subroutine (random generation of a CONB):
i. Generate a normalized (complex) d-dimensional random vector |v1〉 (here, d is the
dimension of a reduced density matrix of the subsystem A or B for which we generate
a basis).
ii. For k = 2 to k = d, do
(i) Generate a (complex) d-dimensional random vector |vk〉.
(ii) For l = 1 to l = k − 1, do
|vk〉 ←− |vk〉 − 〈vl|vk〉|vl〉.
done
(iii) Normalize |vk〉.
(iv) if |vk〉 is zero then goto i.
done
iii. Return {|vk〉}dk=1.
In addition, it is needless to say that a similar algorithm can be used to compute
D(ρ[1,...,m]) for a general m numerically.
The random CONB generation is equivalent to a generation of random unitary
matrices. This is clear from the fact that for any local unitary operation UA (UB),
we have UA|j〉 = |ej〉 (UB|k〉 = |ek〉). The probabilities pjk are the diagonal elements
of U †A ⊗ U †Bρ[A,B]UA ⊗ UB. Thus random matrix theories [13] will be hopefully used
to refine the algorithm. The present algorithm is still fast enough to find a value
of D(ρ[A,B]) for a small number of qubits in a reasonable time so that we can see
numerical results in the next section.
4. Numerical results
4.1. Bipartite examples
We compare the measureD with the negativity [14, 15] N (ρ[A,B]) = ‖(I⊗ΛT)ρ‖−12 (here
the map ΛT is transposition). The first example is the two-qubit pseudo-pure state
ρps = p|ψ〉〈ψ|+ (1− p)1/4
with |ψ〉 = (|00〉+ |11〉)/√2. We used a pure (numerical) random search of local bases
to find a value of D(ρps) as we have seen in the previous section. The number of
trials of local bases is 4.0 × 104 for each data point of D(ρps); this setting is used
for the other examples too. Figure 3 shows the plots of D(ρps) and N (ρps) against p
(0 ≤ p ≤ 1). As is similar to a quantum discord, D reflects non-classical correlation
for ∀p except for p = 0.
The next example is the mixture of Bell basis states, represented by the density
matrix
ρb = p|b1〉〈b1|+ (1− p)|b2〉〈b2|
with |b1〉 = (|00〉+ |11〉)/
√
2 and |b2〉 = (|01〉+ |10〉)/
√
2. With the same basis search
method as the previous example, we find the values of D(ρb). Figure 4 shows the
plots of D(ρb) and N (ρb) against p (0 ≤ p ≤ 1). Both measures have the value of
































Figure 4. Plots of D(ρb) and N (ρb) against p.
0 at p = 0.5 and positive values for p 6= 0.5. Thus the difference of measures is not
significant for ρb.




1/2− p 0 0 0
0 p p 0
0 p p 0
0 0 0 1/2− p

 (6)
with 0 ≤ p ≤ 1/2. This may be seen as a mixture of pure states |00〉, |11〉, and
(|01〉 + |10〉)/√2 with certain weights. It is separable for p ≤ 1/4 because the
eigenvalues of (I ⊗ΛT)σ are 1/2− 2p, p (with multiplicity of two), and 1/2. D(σ) is,
in contrast, non-zero unless p = 0 as shown in Fig. 5.
















Figure 5. Plots of D(σ) and N (σ) against p.
In the last example for the bipartite case, we consider the density matrix of a








b 0 0 0 0 b 0 0
0 b 0 0 0 0 b 0
0 0 b 0 0 0 0 b
0 0 0 b 0 0 0 0




b 0 0 0 0 b 0 0
0 b 0 0 0 0 b 0









(0 < b < 1). This is known to be positive after partial transposition (although it is
inseparable); hence N (σ[A,B]b ) = 0. We find that D(σ[A,B]b ) is non-zero, contrastingly,
as shown in Fig. 6.
4.2. Tripartite examples
Numerical computation of D defined in (5) is easy also for a tripartite density matrix
ρ[1,2,3] of three qubits. We compare D(ρ[1,2,3]) and the minimum and maximum
negativities of ρ[1,2,3] over all bipartite splittings.
Consider the pseudo-GHZ (PGHZ) state:
ρPGHZ = p|ψGHZ〉〈ψGHZ|+ (1− p)1/8
with |ψGHZ〉 = (|000〉 + |111〉)/
√
2 to be the Greenberger-Horne-Zeilinger (GHZ)
state. Figure 7 shows the plots of D(ρPGHZ) and the mimimum and maximum of
the negativity for ρPGHZ over all bipartite splittings against p (0 ≤ p ≤ 1). D reflects
non-classical correlation for ∀p except for p = 0.
The last example for bipartite case can be also an example for tripartite case. Let
us consider the density matrix σ
[1,2,3]
b equal to the matrix (7). The curve of D(σ
[1,2,3]
b )
seems similar to the curve of the maximum negativity over all bipartite splittings as
shown in Fig. 8.













Figure 6. Plots of D(σ
[A,B]
b
) and N (σ
[A,B]
b






















Figure 7. Plot of D(ρPGHZ) in comparison to those of the mimimum and the
maximum of the negativity for ρPGHZ over all bipartite splittings (as functions of
p).
5. Summary
We considered a class of quantum states having non-classical nature, namely non-
vanishing superposition under choices of local eigenbases. A measure D of non-
classical correlation has been defined as the minimum uncertainty about a joint-system
after we collect reports of particular local measurements. Examples of its numerical
computation have been performed by using a random search of local bases.

















Figure 8. Plot of D(σ
[1,2,3]
b
) in comparison to those of the mimimum and the
maximum of the negativity for σ
[1,2,3]
b
over all bipartite splittings (as functions
of b).
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